In this paper, we introduce a new concept of quasi-b-metric-like spaces as a generalization of b-metric-like spaces and quasi-metric-like spaces. Some fixed point theorems are investigated in quasi-b-metric-like spaces. Moreover, an example is given to support one of our results. MSC: 47H10; 54H25
Introduction and preliminaries
It is well known that the theoretical framework of metric fixed point theory has been an active research field and the contraction mapping principle is one of the most important theorems in functional analysis. The notion of metric-like spaces was introduced by Amini-Harandi in [] .
Definition . []
A mapping σ : X × X → [, +∞), where X is a nonempty set, is said to be metric-like on X if for any x, y, z ∈ X, the following three conditions hold true:
The pair (x, σ ) is then called a metric-like space.
Recently, the concept of b-metric-like spaces, which is a new generalization of metriclike spaces and partial metric spaces, was introduced by Alghamdi et al. [] .
Definition . []
A b-metric-like on a nonempty set X is a function D : X × X → [, +∞) such that for all x, y, z ∈ X and a constant s ≥ , the following three conditions hold true:  licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribution License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited. http://www.journalofinequalitiesandapplications.com/content/2014/1/437 A b-metric-like space is called to be complete if every Cauchy sequence {x n } in X converges with respect to τ D to a point
In [], Zhu et al. introduced the concept of quasi-metric-like spaces and investigated some fixed point theorems in quasi-metric-like spaces.
Definition . []
Let X be a nonempty set. A mapping ρ : X × X → [, +∞) is said to be a quasi-metric-like on X if for any x, y, z ∈ X the following conditions hold:
The pair (x, ρ) is then called a quasi-metric-like space.
In this paper, inspired by Definitions . and ., we define a quasi-b-metric-like which generalizes the quasi-metric-like and b-metric-like. Furthermore, we investigate some fixed point theorems in quasi-b-metric-like spaces. Also, we give an example to illustrate the usability of one of the obtained results.
Main results
In this section, we begin with introducing the concept of a quasi-b-metric-like space.
Definition . A quasi-b-metric-like on a nonempty set X is a function b : X × X → [, +∞) such that for all x, y, z ∈ X and a constant s ≥ , the following conditions hold true:
The pair (X, b) is then called a quasi-b-metric-like space. The number s is called to be the coefficient of (X, b).
Example . Let X = {, , }, and let 
It is obvious that every -Cauchy sequence is a Cauchy sequence in the quasi-b-metriclike space (X, b), and every complete quasi-b-metric-like space is a -complete quasi-bmetric-like space, but the converse assertions of these facts may not be true. Proof Let x  be an arbitrary point in X. From (.), we have
, which means that x  is a fixed point of f . Suppose that b(x  , f (x  )) >  and b(f (x  ), x  ) > . Now we show that {f n (x  )} is a -Cauchy sequence. For any integer r ∈ Z + (the set of positive integers), the property (qb)
. . .
Equations (.) and (.) yield that From (.) and (.), we get that {f n (x  )} is a -Cauchy sequence. Since (X, b) is -complete, then the sequence {f n (x  )} converges to some point z ∈ X, that is,
We now show that z is a fixed point of f . By the triangle inequality, we have
Using (.) in the above inequalities, we obtain b(z, fz) = , that is, fz = z, hence z is a fixed point of f . Next, we show that z is the unique fixed point of f . Suppose that u is also a fixed point of f , then we claim b(z, u) = . Suppose that this is not the case, then
It is a contradiction, hence b(z, u) = , which implies z = u, therefore f has a unique fixed point.
In Theorem ., taking ϕ(t) = λt with  ≤ λ < Proof Let M = X × X and define
It is straightforward to show that (M, ρ) is a -complete quasi-bmetric-like space with the coefficient s. (u, v) . Applying Corollary ., we obtain that T has a unique fixed point in X × X, hence there exists a unique (x, y) ∈ X × X such that T(x, y) = (x, y), that is, (F(x, y), F(y, x)) = (x, y). Therefore, F(x, y) = x and F(y, x) = y, which implies that F has a unique coupled fixed point.
Lemma . []
Let X be a nonempty set and T : X → X be a mapping. Then there exists a subset E ⊆ X such that T(E) = T(X) and T : E → X is one-to-one.
The following definitions can be seen in [-].
Definition . Let f and g be two self-mappings on a set X. If ω = fx = gx for some x in X, then x is called a coincidence point of f and g, where ω is called a point of coincidence of f and g.
Definition . Let f and g be two self-mappings defined on a set X. Then f and g are said to be weakly compatible if they commute at every coincidence point, i.e., if fx = gx for some x ∈ X, then fgx = gfx. Proof By Lemma ., there exists E ⊆ X such that g(E) = g(X) and g : E → X is one-toone. Now, define a mapping h : g(E) → g(E) by h(gx) = fx. Since g is one-to-one on E, h is well defined. Note that b(h(gx), h(g(y))) ≤ λb(gx, gy) for all g(x), g(y) ∈ g(E), where  ≤ λ <  s . Since g(E) = g(X) is -complete, by using Corollary ., there exists a unique x  ∈ X such that h(gx  ) = gx  , hence fx  = gx  , which means that f and g have a unique point of coincidence in X. Let fx  = gx  = z, since f and g are weakly compatible, then fz = gz, which together with the uniqueness of the point of coincidence implies that z = fz = gz. Therefore, z is the unique common fixed point of f and g. Now, we give an example to illustrate the validity of one of our main results. 
